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1. Introduction.
The present paper is concerned with the determination of stresses, deformations and stiffness of originally straight circular tubes in pure bending. The non-linear problem of determining the stiffness of such a tube as a function of the applied moment and the determination of a critical moment for which flattening instabilityoccurs has originally been discussed by Brazier [1] ,
An alternate more precise formulation of the problem of flattening instability of circular cross-section tubes is contained in a recent paper by one of the present authors [2] , as a special case of results for pure bending of general cylindrical tubes. In this same paper approximate solutions of the non-linear differential equations of the problem were obtained as expansions in powers of a dimensionless parameter a. It was found that the first terms of these expansions give the results of linear theory and that consideration of two terms gave the results of Brazier [1] , It was further found that consideration of three terms lead to results which differed from Brazier's to the order of ten per cent.
•Since the calculation of additional terms in the a-series becomes progressively more complicated, an alternate determination of the results is of interest. The present paper presents such an alternate determination, involving the iterative solution of a system of two simultaneous non-linear integral equations. In addition to this, the previous threeterm a-series are extended by the calculation of fourth terms. Our calculations lead to the note-worthy conclusion that Brazier's results for flattening instability are quite close to the results of precise calculations based on the equations given in [2] , in the sense that consideration of three and even four terms in the a-series lead to results which are further from the correct results (in the critical a-range) than the results based on only two terms in the a-series.
In addition to these conclusions for the problem of the flattening instability, we obtain in what follows quantitative results for the non-linear behavior of stresses and deformations in the tube. We find, in particular, that when the applied bending moment is of the order of the critical moment, the order of magnitude of the secondary circumferential wall bending stresses-associated with the flattening of the cross-section-is the same as the order of magnitude of the primary longitudinal direct fiber stresses in the tube. 2. Basic equations. It has been shown previously [2] that the problem of pure bending of a tube with cross-section before deformation given by x = b sin £, y = -b cos £ for 0 < £ < 2tt is associated with two simultaneous non-linear differential equations for a stress function variable F and an angular displacement variable ft of the following form D d?p _ F sin (g + ft)
A d?F_ _ cos (g + ft) , ,.
In these equations R is the radius of curvature of the originally straight axis of the tube, D = EbK3/12 is the circumferential wall bending stiffness factor and 1 /A = E,h is the axial stretching stiffness factor of the tube.* Equations (1) are to be solved in the interval 0 < £ < subject to the following boundary conditions,
To be determined are in particular the applied moment M given by r/2 M = -46 / F cos (£ + ft) di.
Jo *In our earlier paper [2] it had been assumed that D = Eth3/12(l -c2) which is the appropriate circumferential stiffness factor for small cylindrical bending. Considering that in the range of practical interest we will have cylindrical bending with relatively large deflections a stiffness factor D without the term (1 -v2) seems more appropriate. Two alternative dimensionless stress quantities may be defined as follows. One definition makes use of the maximum fiber stress <r'f0) = Esb/R which would exist in the tube bent to a radius R if there were no flattening effect. Introduction of <j'fa> into Eqs.
(4) and (6) leads to the formulas°7 _ df crb _ a/3 dp ;,n w tr)0' " da ' <rr ~ E. a da (1°a'
As flattening makes the tube more flexible than it would otherwise be, we expect that the ratio of o>/o-)0) will decrease as a increases. A second non-dimensionalization makes use of the maximum fiber stress o-"' = Mb/1, where I = irb3h, which would exist in the tube subject to an applied moment M if there were no flattening effect. Introduction of cr}u into Eqs. (4) and (6) leads to the formulas 07 _ a_df _crj_ _ Et a/3 dp . ,.
<j\l) m da ' E. m da 1 ' J In these equations we consider a a function of m which is defined by means of Eq. (9). Whether or not 07/0-will increase or decrease with increasing m will depend on the shape of the curve for 07/cr}1' as function of £ and cannot be predicted without numerical calculations. Numerical calculations are also needed for a comparison of the magnitude [Vol. XX, No. 4 of the secondary bending stresses ab with the magnitude of the primary direct fiber stress crf , in their dependence on a or m.
3. Expansion in powers of a. The boundary value problem (7) and (8) may be solved, as in [2] , by expansions
Expanding sin and cos /? in terms of a we obtain a system of successive linear differential equations, of which we list the first seven as follows:
We require that the boundary conditions (8) be satisfied identically in a.
The functions /0 , /2 , /4 , ft , ft have been calculated in [2] and are listed here for completeness sake. The functions /6 and ft as well as formulas for stresses and displacements have not been obtained before. We find 
TT Jo Substitution of (17a), (17c), (18b) and (20) 
which follow from Eqs. (12) and (17) to (20).
Expressions for the flattening and bulging displacements follow from Eqs. (5), (12) and (17) We note that while for sufficiently small a we have w = v, it is found that for increasing a the flattening displacement u increases more rapidly than the bulging displacement v. 
A proof of the convergence of this iteration (which implies existence and uniqueness of the solution of Eqs. (39)) in the range 0 < a < 1.8 is given in the Appendix. Numerical calculation shows convergence of (41) for values of a up to about 5. For larger a, examples of both oscillations and steady increase in magnitude of successive iterates were obtained, that is, the iteration scheme diverges. In order to obtain solutions for larger values of a, the iteration scheme is modified by introduction of two "relaxation parameters" A and n as follows1 Clearly, if the sequences /" , /3" converge, they converge to a solution of (39). The relaxation parameters X and n are allowed to depend on a. With this scheme and with appropriate choice of X, /x, the speed of convergence was considerably increased as compared with the iteration (40), and convergence was induced for values of a for which (40) diverges. In this way solutions up to a = 20 were obtained; the range could probably be extended to still larger a by proper choice of X, n, although solutions beyond a critical value al (see Section 5) are physically less interesting. The following table shows some numerical results. The special case X = m = 1 is identical with the iteration (40). A proof for the convergence of the modified scheme (42) for values of a > 1.8 has yet to be obtained. was used for the numerical integration. In the Appendix it is shown how to obtain explicit bounds on error terms such as E5 by means of certain inequalities satisfied by the solution of (39) (usually referred to as "a priori estimates"). It turned out that step sizes between Ax = 1/20 and Ax = 1/50 were needed to obtain an accuracy of 3 to 4 digits in the numerical solutions for / and /3.1 Some numerical solutions of Eqs. (39) have previously been calculated by G. L. Brown [4] , who used Simpson's rule for numerical integration combined with an iteration equivalent to (40). He found, using interval lengths Ax = ^ and tV that the latter was not small enough to draw conclusions on the accuracy of the results obtained.
5. Discussion of results. The integral equations (39) have been solved for values of a up to 25. These solutions are in the following referred to as "numerical solutions." A comparison of the a-expansion with the numerical solutions shows that the a-expansion solutions are accurate almost up to the critical value ac , defined by dm/da = 0 (see Figs. 2-4) . For larger values of a, they become quite inaccurate. As a check on the lThe calculations were carried out on the IBM-709s at Western Data Processing Center, Univ. of Calif., Los Angeles, and at Computation Center, M.I.T., Cambridge. The moment curvature relation is shown in Fig. 2 . What is of particular interest is the value ac , for which flattening instability occurs. For this value of the dimensionless curvature, the moment m attains its maximum value mc . The numerical values for ac and mc when retaining 2, 3, or 4 terms in Eqs. (22), and the corresponding values ac , mc from the numerical solution are given below. The numbers of the last column of Table 2 were obtained by interpolation from a large scale plot of the dimensionless momentcurvature relation near the critical point (ac , mc). Figure 3 shows the maximum values of the dimensionless direct stress <rfb/E8h and bending stress abb/Ebh as defined by Eqs. (9a, b) . The maximum bending stress occurs at the neutral plane, that is ab,m = c6(0). The bending stress <rb(fx) at the farthest [Vol. XX, No. 4 distance from the neutral plane is slightly less in absolute value than <rb(0) and is also displayed in Fig. 3 .
For small a bending stresses are negligible with respect to direct fiber stresses. For values of a approaching a" , the bending stresses become of the same order of magnitude as the direct stresses. It is interesting to note that the maximum direct stress is not attained at ac = 1.66 but for the somewhat larger value a = 2.0.
Values of the dimensionless maximum flattening and bulging displacements of the cross section are displayed in Fig. 4 . For small values of a, the two displacements are nearly identical. As in the a-expansions (Eqs. (25) and (26)), flattening increases faster with increasing a than bulging, the rate , of increase being strongest near ae for both flattening and bulging.
Next we compare our results with those of elementary linear beam theory. In Fig. 6 , the stress ratios o-/,m/or/,0^ and y<rbare plotted against a. We conclude from these graphs that for a given moment, the direct stress produced according to the nonlinear theory is slightly larger than the value given by the linear theory which neglects the flattening of the cross section. On the other hand, for a given curvature of the central axis of the tube, the nonlinear theory stress is less than that given by the elementary beam theory.
Finally, we consider briefly the stress distribution over the cross-section of the tube and its deviation from the elementary (linear) stress distribution. As is seen from Hence, using again the Lipschitz property of the cosine-function, the following upper bound for the second term is obtained: 
